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a b s t r a c t
Let G be a plane graph, and let ϕ be a colouring of its edges. The edge colouring ϕ of G is
called facial non-repetitive if for no sequence r1, r2, . . . , r2n, n ≥ 1, of consecutive edge
colours of any facial path we have ri = rn+i for all i = 1, 2, . . . , n. Assume that each edge
e of a plane graph G is endowed with a list L(e) of colours, one of which has to be chosen
to colour e. The smallest integer k such that for every list assignment with minimum list
length at least k there exists a facial non-repetitive edge colouring of G with colours from
the associated lists is the facial Thue choice index of G, and it is denoted by πfl(G). In this
article we show that π ′fl(G) ≤ 291 for arbitrary plane graphs G. Moreover, we give some
better bounds for special classes of plane graphs.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
A finite sequence r1, r2, . . . , r2n of symbols is a repetition if ri = rn+i for all i = 1, 2, . . . , n. On the other hand, a finite or
infinite sequence a1, a2, . . . is called non-repetitive if it does not contain any subsequence of its consecutive terms which is a
repetition. In 1906, the Norwegian mathematician and number theoretician Axel Thue started the systematic study of word
structure. In his seminal paper [13], he showed that there are arbitrarily long non-repetitive sequences over three symbols.
Since then, Thue’s non-repetitive sequences have repetitively occurred in mathematics, and various questions concerning
non-repetitive colourings of graphs have been formulated (see, e.g., [6]). For the case of vertex colourings, probably themost
intriguing open problem is whether there is a finite bound for the number of colours needed to colour the vertices of any
planar graph G in such a way that the colours of no path of G form a repetition. One way to relax the requirements in this
problem is to consider not all paths of a plane graph but only paths belonging to the boundary walk of a face.
We consider the case of edge colourings. Let G be a simple graph, and let ϕ be a colouring of its edges. We say that
ϕ is non-repetitive (or square-free) if for any simple path on edges e1, e2, . . . , e2n in G the associated sequence of colours
ϕ(e1), ϕ(e2), . . . , ϕ(e2n) is not a repetition. Theminimal number of colours needed in such a colouring is the Thue chromatic
index of G, and it is denoted by π ′(G). If G is a plane graph, a facial non-repetitive edge colouring of G is an edge colouring
such that any facial path (i.e., a path of consecutive edges on the boundary walk of a face) is coloured non-repetitively. The
minimum number of colours needed in such a colouring is the facial Thue chromatic index of G, and it is denoted by π ′f (G).
The concept of facial non-repetitive edge colourings was studied in [9,10,12]. It was shown that π ′f (G) ≤ 8 for every plane
graph G, while better bounds were given by the authors for several subclasses of plane graphs. Facial non-repetitive vertex
colourings were considered in [1]. It was shown there that, for any plane graph G, there is a facial non-repetitive vertex
colouring using at most 24 colours.
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Later, non-repetitive list colourings of graphs also drew attention (see, e.g., [4,7,8]). Using probabilistic arguments,
Czerwiński and Grytczuk [4] proved that for every graph G with maximum degree ∆(G) there exists a vertex colouring
from lists of size at least 16∆(G)2−
1
k with no repetitive path on at most 2k vertices. In the same paper, they conjectured
that every path has a non-repetitive colouring from arbitrary lists of size 3. Moreover, recently, Grytczuk et al. [8], using the
left-handed Local Lemma, proved that every path has a non-repetitive vertex colouring from arbitrary lists of size 4. A more
constructive proof of the same theorem is given in [7].
For the case of list edge colourings, let the Thue choice index π ′ch(G) of a graph G denote the smallest integer k such that,
for any list assignment L : E(G)→ 2N withminimum list length at least k, there is a colouring of the edges from the assigned
lists such that the sequence of edge colours of no path in G forms a repetition. Since the line graph of a path P is a path too,
the vertex colouring result for paths implies the following.
Theorem 1 ([8,7]). Every path Pn satisfies π ′ch(Pn) ≤ 4.
We consider the relaxation of the edge colouring problem, where only the facial paths of a plane graph G are required
to be coloured non-repetitively. A facial non-repetitive list edge colouring of a graph G with list assignment L : E(G) → 2N
is a facial non-repetitive edge colouring ϕfl of G such that the colour ϕfl(e) of each edge e is chosen from the list L(e). If
such a colouring exists for any list assignment L with minimum list length at least k, we call G facial non-repetitively k-edge
choosable. The minimum integer k such that G is facial non-repetitively k-edge choosable is the facial Thue choice index of G,
and we denote it by π ′fl(G). Since any non-repetitive edge colouring of a plane graph G is also a facial non-repetitive edge
colouring, we immediately obtain π ′fl(G) ≤ π ′ch(G). Inspired by the result of Czerwiński and Grytczuk [4] on the Thue choice
index of paths, we show some results concerning facial non-repetitive list edge colourings of plane graphs.
2. A general bound for plane graphs
In order to prove our main result, we will need a special version of the local lemma. It is the asymmetric version of
the Lopsided Lovász Local Lemma introduced in [5]. Here, all bad events may be pairwise dependent, but intuitively the
influence of some events on a given event is only limited. So for each bad event we can partition the other events into a set
of events with high influence and a set of events with limited influence. For the sake of completeness, we include a proof of
the lemma, which basically follows the standard lines for the proof of the asymmetric local lemma.
Lemma 1. Let A1, . . . , An be events, and for each event Ai let Di and Ci denote subsets of {1, . . . , n} such that Di ∪ Ci =
{1, . . . , n} \ {i} and Ci ∩ Di = ∅. Moreover, let x1, . . . , xn be numbers in [0, 1] such that
Pr

Ai |

j∈C
Aj

< xi ·

k∈Di
(1− xk)
for all i ∈ {1, . . . , n} and any C ⊆ Ci. Then the probability Pr(ni=1 Ai) > 0.
Proof. Wewill provemore than that, namely that Pr(
n
i=1 Ai) >
n
i=1(1−xi). Wewill first show that for any i ∈ {1, . . . , n}
and any set S ⊆ {1, . . . , n} \ {i}we have
Pr

Ai|

j∈S
Aj

< xi. (1)
We prove (1) by induction on |S|. If S = ∅, then we have S ⊆ Ci; hence, it follows directly from the assumption of the lemma
that Pr(Ai|j∈S Aj) < xi ·k∈Di(1− xk) ≤ xi.
Now, assume that (1) is true for all i ∈ {1, . . . , n} and all S ′ with |S ′| < m and i ∉ S ′, and consider a fixed i ∈ {1, . . . , n}
and S ⊆ {1, . . . , n} \ {i}with |S| = m. We define S1 := S ∩ Di and S2 := S ∩ Ci. If S1 = ∅, then, using the assumption of the
lemma for C = S = S2, we obtain Pr(Ai|j∈S Aj) < xi ·k∈Di(1− xk) ≤ xi. Hence, we may assume that S1 ≠ ∅.
Pr

Ai|

j∈S
Aj

= Pr

Ai|

j∈S1
Aj ∩

j∈S2
Aj

=
Pr

Ai ∩ 
j∈S1
Aj| 
j∈S2
Aj

Pr

j∈S1
Aj| 
j∈S2
Aj
 . (2)
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Since S2 ⊆ Ci, it follows from the assumption of the lemma that the numerator of the right-hand side of (2) can be bounded
by
Pr

Ai ∩

j∈S1
Aj|

j∈S2
Aj

≤ Pr

Ai|

j∈S2
Aj

< xi ·

k∈Di
(1− xk). (3)
We denote S1 = {j1, . . . , jp} and bound the denominator as follows:
Pr

j∈S1
Aj|

j∈S2
Aj

= Pr

Aj1 ∩ · · · ∩ Ajp |

j∈S2
Aj

=
p
l=1
Pr

Ajl |

j∈S2
Aj ∩

r<l
Ajr

>
p
l=1
(1− xjl) ≥

k∈Di
(1− xk), (4)
where the inequality follows from the induction hypothesis. Now (1) follows from (2) and the inequalities (3) and (4). The
statement of the lemma now easily follows from (1):
Pr

n
i=1
Ai

=
n
i=1
Pr

Ai|

j<i
Aj

>
n
i=1
(1− xj) ≥ 0. 
For any given path P contained in a plane graph G, denote by l(P) the length of P , i.e., the number of its edges. The facial
distance dα(e, e′) of two edges e, e′ in a face α is defined as min{l(P)− 1 | P is a facial path of α containing e and e′}. Hence,
two consecutive edges of the boundary walk of some face have facial distance 1 in this face. If there is no facial path of α
connecting two edges e, e′ of a face α, we define dα(e, e′) = ∞.
Theorem 2. Every plane graph G satisfies π ′fl(G) ≤ 291.
Proof. Let G be an arbitrary plane graph with vertex set V (G), edge set E(G) = {e1, . . . , em}, and face set F(G). Furthermore,
let L : E(G) → 2N be a list assignment, where |L(e)| ≥ l for every edge e ∈ E(G). We may restrict ourselves to the case
where all lists have length l. We colour the edges successively and randomly according to the following rules. Colour e1
equiprobably with a random colour of the list L(e1). For i > 1, consider all already coloured edges ej (j < i) having facial
distance at most 3 from ei in some face. Then remove the colours of these edges from the list L(ei) and choose a random
colour for ei out of the remaining colours in the list. Note that, because ei is incident with at most two faces, at least l− 12
colours remain in the list of ei.
Let P denote the set of facial paths of even length of G, and let Pt denote the set of facial paths of length 2t of G. We
define APt to be the bad event, that the path Pt ∈ Pt is coloured repetitively, meaning that the sequence of colours of the
first t edges is the same as the sequence of colours of the second t edges. Note that by the construction the probability of
APt is zero if t ≤ 3. Thus, the shortest possible repetition has length 8. For every path Pt of length 2t we consider the set
D(Pt) = {P ′ | P ′ ∈ Ps for some s ≥ 4, P ′ ≠ Pt , P ′ and Pt share at least one common edge}.
The bad event APt may strongly depend on the events AP with P ∈ D(Pt). To see this, consider for instance two facial paths P
with l(P) = 8 and Q with l(Q ) = 10 that coincide in the first eight edges. Then, clearly, P(AQ | AP) = 0, because otherwise
two consecutive edges would have the same colour, which is impossible by the construction.
What we want to show in the following is that there exist numbers xPt with the property that
Pr

APt |

Qs∈C
AQs

< xPt ·
∞
s=4

Qs∈Ps∩D(Pt )
(1− xQs), (5)
where C is any subset of P \ (D(Pt) ∪ {Pt}). That means that all paths in C have no edge in common with Pt . The statement
of the theorem follows from the inequality by Lemma 1.
First, consider the left-hand side of this inequality. When the edge ei is coloured, there are at least l − 12 admissible
colours in the list L(ei) that are not used for an edge ej with j < i of facial distance at most 3 in one of the incident faces.
So the probability for any pair of edges of Pt to receive the same colour is at most 1l−12 . Thus, the probability Pr(APt ) for the
event that the sequence of edge colours of the path Pt of length 2t is a repetition is bounded by
Pr(APt ) ≤
1
(l− 12)t . (6)
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Unfortunately, it is not so clear that a similar inequality holds for the conditional probability on the left-hand side of
inequality (5). Hence, we have to use Bayes’ formula to estimate this probability. Let Pt be any facial path of length 2t in
the graph G, and let n = n(Pt) denote the number of edges in G that either belong to the path Pt or have facial distance at
most 3 of one of the edges of Pt in some face. It is easy to see that n ≤ 14t + 6. Let C be a random colouring of the edge set
generated by the colouring algorithm described above, and let c = (c1, . . . , cm) be anm-dimensional vector, with ci ∈ L(ei)
for i = 1, . . . ,m. Then Pr(c) := Pr(mi=1(C(ei) = ci)) denotes the probability of a concrete colouring c to be generated. This
probability equals
Pr(c) =
m
i=1
Pr

C(ei) = ci |

j<i
(C(ej) = cj)

.
This is a product ofm factors, and for the i-th factor we have
1
l
≤ Pr

C(ei) = ci |

j<i
(C(ej) = cj)

≤ 1
l− 12 . (7)
Let I1 := {i | 1 ≤ i ≤ m, ei ∈ E(Pt)} be the set of indices of the edges that occur on the path Pt and I2 := {1, . . . ,m} \ I1. Let
c1 = (c1i )i∈I1 be a 2t-dimensional integer vector. Then Pr(c1) := Pr

i∈I1(C(ei) = c1i )

denotes the probability of the path
Pt to be coloured with the colouring c1. Analogously, by Pr(c2) we denote the probability of the edges not belonging to the
path Pt to be coloured by the colouring c2, where c2 = (c2i )i∈I2 . Let then Pr(c1, c2) denote the probability of the colouring
where the edges of Pt are coloured by c1 and the remaining edges are coloured by c2. If Pr(c1, c2) > 0, then we call c1 and
c2 compatible (c1 ∼ c2). First, we estimate the fraction Pr(c1,c2)
Pr(c˜1,c2)
, where c1 and c˜1 are two colourings of Pt compatible to c2.
The numerator and denominator are both products ofm factors, which can only differ in the n factors concerning the edges
of Pt or having facial distance at most 3 of an edge of Pt . Since inequality (7) holds for these factors, we obtain
l− 12
l
n
≤ Pr(c
1, c2)
Pr(c˜1, c2)
≤

l
l− 12
n
. (8)
Next, we want to estimate the conditional probability Pr(c1|c2), i.e.,
Pr(c1|c2) = Pr(c
1, c2)
Pr(c2)
= Pr(c
1, c2)
c˜1∼c2
Pr(c˜1, c2)
,
where the last equality follows from the law of total probability. From (8) it follows that
l− 12
l
n
· 1
a(c2)
≤ Pr(c1|c2) ≤

l
l− 12
n
· 1
a(c2)
, (9)
where a(c2) denotes the number of colourings c˜1 compatible to c2. Let c2 and c˜2 be two colourings of the edges not belonging
to Pt that are both compatible to c1. Then we conclude from (9) that l−12
l
n · 1
a(c2) l
l−12
n · 1
a(c˜2)
≤ Pr(c
1|c2)
Pr(c1|c˜2) ≤
 l
l−12
n · 1
a(c2) l−12
l
n · 1
a(c˜2)
,

l− 12
l
2n
· a(c˜
2)
a(c2)
≤ Pr(c
1|c2)
Pr(c1|c˜2) ≤

l
l− 12
2n
· a(c˜
2)
a(c2)
. (10)
As there are at most l2t colourings of Pt , and for each c2 there are at least (l− 12)2t different compatible colourings of Pt , the
fraction a(c˜
2)
a(c2)
is bounded by
 l−12
l
2t ≤ a(c˜2)
a(c2)
≤  ll−12 2t , and together with (10) we obtain
l− 12
l
2(n+t)
≤ Pr(c
1|c2)
Pr(c1|c˜2) ≤

l
l− 12
2(n+t)
. (11)
Let c1 be any colouring of Pt , and let c2 be any colouring of the remaining edges compatible to c1. Then we conclude from
(11) that
Pr(c1) =

c˜2∼c1
Pr(c1|c˜2) · Pr(c˜2) ≥ Pr(c1|c2)

l− 12
l
2(n+t)
·

c˜2∼c1
Pr(c˜2). (12)
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It remains to estimate S :=c˜2∼c1 Pr(c˜2), which is the probability of the random colouring generated by the algorithm
restricted to the edges not belonging to Pt to be compatible with the fixed colouring c1 of Pt . Let pk be the probability that
no conflict with c1 arises by colouring the edge ek, provided that no conflict arose by colouring any of the previous edges ei,
i < k. Then the probability S = p1 · . . . · pm. If ei ∈ E(Pt), then pi = 1, since the random colouring of Pt is not important for
compatibility. Also, if ei is far away from Pt , the colouring of ei cannot cause an incompatibility. Only if ei does not belong to
Pt but has facial distance at most 3 to some edge of Pt may pi differ from 1. For each such edge ei there exist at most 12 edges
of Pt having facial distance at most 3 in some face. When the edge ei is coloured, the colour is chosen from a list of l − 12
up to l admissible colours. At most 12 colours may cause an incompatibility with c1. Hence, pk ≥ l−24l−12 . As there are n − 2t
edges with this property, we obtain, together with (12),
Pr(c1) ≥ Pr(c1|c2)

l− 12
l
2(n+t)
·

l− 24
l− 12
n−2t
≥ Pr(c1|c2) ·

l− 24
l
3n
,
Pr(c1|c2) ≤

l
l− 24
3n
Pr(c1). (13)
Now, let A be an event depending on the colouring of the edges of Pt , and let B be an event depending on the colouring
of the remaining edges, i.e., the logical value of A and B can be verified by the respective colourings. Let A be true if and only
if the colouring of the edges of Pt is in {c1i | i ∈ J1}, and let B be true if and only if the colouring of the edges not in Pt is in
{c2j | j ∈ J2}. Then we have
Pr(A|B) = Pr(A ∩ B)
Pr(B)
= Pr({(c
1
i , c
2
j ) | i ∈ J1, j ∈ J2})
Pr({c2j | j ∈ J2})
=

i∈J1

j∈J2
Pr(c1i , c
2
j )
j∈J2
Pr(c2j )
=

i∈J1

j∈J2
Pr(c1i |c2j ) · Pr(c2j )
j∈J2
Pr(c2j )
≤

l
l− 24
3n 
i∈J1

j∈J2
Pr(c1i ) · Pr(c2j )
j∈J2
Pr(c2j )
=

l
l− 24
3n 
i∈J1
Pr(c1i )

j∈J2
Pr(c2j )
j∈J2
Pr(c2j )
=

l
l− 24
3n
Pr(A).
By inequality (6), we thus obtain
Pr

APt |

Qs∈C
AQs

≤

l
l− 24
3n
· Pr(APt ) ≤

l
l− 24
3n 1
(l− 12)t .
Since n ≤ 14t + 6 and t ≥ 4, it follows that
Pr

APt |

Qs∈C
AQs

≤

l
l− 24
47t 1
(l− 12)t .
If l ≥ 291, this implies that
L := Pr

APt |

Qs∈C
AQs

≤ (0.205)t . (14)
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Now, we define xPt = 11+4t for every Pt ∈ Pt , t ≥ 4, and calculate the right-hand side of (5).
R := xPt ·
∞
s=4

Qs∈Ps∩D(Pt )
(1− xQs)
= 1
1+ 4t ·
∞
s=4

Qs∈Ps∩D(Pt )

1− 1
1+ 4s

= 1
1+ 4t ·
∞
s=4

Qs∈Ps∩D(Pt )
4s
1+ 4s .
Every edge of Pt is contained in at most 4s facial paths of length 2s, which yields
R ≥ 1
1+ 4t ·
1+ 4t
4t
·
∞
s=4

4s
1+ 4s
8st
.
The second fraction in the product on the right-hand side of the inequality comes from the fact that the path Pt itself also
has edges in common with Pt . In fact, this path is counted even more than once in the infinite product. Since x1+x > e
− 1x for
all positive x, it follows that
R ≥ 1
4t
 ∞
s=4

4s
1+ 4s
8st
≥ 1
4t
 ∞
s=4
e−
8s
4s
t
= 1
4t
e− ∞s=4 8s4s
t = 1
4t

e−
13
72
t
> 0.208t . (15)
Now, inequality (5) follows from (14) and (15). 
3. Other graph classes
3.1. Subdivisions of stars
Theorem 3. Let G be a plane graph which is a subdivision of a star. Then π ′fl(G) ≤ 6.
Proof. Let G be a star embedded into the plane, and let L : E(G)→ 2N be a given list assignment such that |L(e)| ≥ 6 for all
e ∈ E(G). We may assume that G is not a path. Let v be the single vertex of G such that the degree d(v) = ∆(G) = d ≥ 3.
By e1, e2, . . . , ed we denote a sequence of edges incident with v in clockwise order around v. Moreover, let P1, P2, . . . , Pd
be the arms (paths connecting the vertices of degree 1 with v) of the star G such that the edge ei is contained in Pi. For even
i = 2, 4, . . . , 2⌊ d2⌋, choose a colour ci ∈ L(ei) to colour the edge ei and remove colour ci from the lists of all other edges
of the arms Pi−1, Pi and Pi+1 (indices taken modulo d). By this procedure at most two colours are removed from the list of
each edge of G. For even d, we colour the paths Pi (if i is odd) and Pi − ei (if i is even) separately and non-repetitively with
colours from the remaining lists. This is possible due to Theorem 1. For odd d, we do the same, with the exception that the
path Pd ∪ P1 is considered as one path and coloured (together) non-repetitively. Now, it is easy to see that every facial path
P of G is either a subpath of a non-repetitive path or it contains one of the edges ei with even i, which has a unique colour in
P . Hence, P cannot be repetitive. 
3.2. 2-connected plane graphs
Proposition 4. For every cycle C it holds that π ′fl(C) ≤ 5.
Proof. Let C be a cycle with a given list assignment L : E(C)→ 2N such that |L(e)| ≥ 5 for all e ∈ E(C). Choose any edge e
of C and use an arbitrary colour c ∈ L(e) to colour it. Then remove c from all other lists and colour the remaining path C − e
non-repetitively, which is possible by Theorem 1. Every path P of c is now either a subpath of G − e or contains the edge e
with a unique colour. Hence, P cannot be coloured repetitively. 
The following theorem gives better bounds for the facial Thue choice index of plane graphs for which all big faces are
pairwise independent, meaning that they do not share a common vertex.
Theorem 5. Let
PGk :=

G|G is a 2-connected plane graph and neither of its vertices is incident with more than one face of size ≥ k .
Then
1. π ′fl(G) ≤ 5 for every G ∈ PG5,
2. π ′fl(G) ≤ 7 for every G ∈ PG7.
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Proof. Let G ∈ PGk be a plane graph with list assignment L, where every list has length at least 5 if k = 5 and at least 7 if
k = 7. We will colour the edges iteratively and show that no repetition is produced in any step.
First, colour the edges of all faces of size ≥ k non-repetitively. By Proposition 4 this is possible. Because no two faces
of degree ≥ k share a common vertex, no repetition is produced in any of the other faces. To colour the remaining edges,
we will proceed greedily in any order. For each consecutive non-coloured edge e with list assignment L(e), we first define
L′(e) ⊆ L(e) by deleting some colours from L(e)with respect to already coloured edges on both of the faces incident with e
such that colouring ewith any of the colours from L′(e)will not cause a repetition in any of the two faces, and then choose
any of the colours from L′(e) for e and move to the next uncoloured edge. Let α be a face incident with e. The size of α must
be smaller than k. If α is a triangle, only two edges may be already coloured. Remove the colours of these edges from the list
L(e). Choosing any of the remaining colours for e will not produce a repetition in α. If α is a quadrangle, we consider two
cases. If at most two colours are already used for the edges of α, we delete these colours from L(e), and choosing any of the
remaining colours will not produce a repetition. If all three edges are already coloured differently, the colour of the edge
opposing e is not deleted from the list of e.
For G ∈ PG5, the edge e cannot be incident with larger faces. Hence, for both incident faces at most two colours are
removed from the list of e, and thus a list size of at least 5 is sufficient to be able to continue the non-repetitive colouring.
For G ∈ PG7 the face α may also be a pentagon or a hexagon. If at most three colours already occur as colours of the
edges of α, we remove these colours from L(e). If four colours occur in the pentagonal face, it is sufficient to remove the
colours of the neighbouring edges from L(e) because no repetitions longer than length 2 can be produced. If four colours
already occur in a hexagon, then at most two of the five edges different from e, say e1 and e2, may have the same colour.
That means that only repetitions of length 4 or 2 could be produced colouring e, and repetitions of length 4 only if e1 and e2
have facial distance 2 in α. If e is the edge between e1 and e2, then it suffices to remove the common colour of e1 and e2 and
the colours of the two edges adjacent to e1 and e2 to avoid repetitions. If e is adjacent to only one of the edges, it suffices to
remove the colours of the neighbours of e as well as the colour of the edge between e1 and e2 to avoid repetitions of length
2 or 4. And finally, if e is neither adjacent to e1 nor to e2, it is sufficient to remove the colours of the edges adjacent to e. If e1
and e2 have facial distance 3, to avoid repetitions of length 2, it is sufficient to remove the colours of the edges adjacent to e.
The same is sufficient to do when five colours occur in the hexagonal face. In any case for pentagons and hexagons it suffices
to remove at most three colours from the list L(e) to surely avoid repetitions in the respective face. Hence, if G ∈ PG7, list
length 2 · 3+ 1 = 7 is sufficient to always have a colour left to colour e. 
The two classes defined above contain lots of interesting families of plane graphs. PG5, for instance, contains finite
triangular and quadrangular tessellations of the plane, the cube graph, the octahedron, and the icosahedron. The class
PG7 contains, for instance, the dodecahedron, all fullerene graphs, and spider web network graphs (see [11,12]), where
a fullerene graph is a 3-regular plane graph consisting of exactly 12 pentagons and the rest of the faces are hexagons, and a
spider web network SW (m, n) (see Fig. 1), where m, n are even integers with m ≥ 4, n ≥ 2, is a graph with the vertex set
{(i, j); 0 ≤ i < m, 0 ≤ j < n} such that (i, j) and (k, l) are adjacent if they satisfy one of the following conditions:
1. i = k and j = l± 1;
2. j = l and k = [i+ 1]m if i+ j is odd or j = n− 1; and
3. j = l and k = [i− 1]m if i+ j is even or j = 0.
3.3. Semiregular polyhedra
A polyhedron P in the three-dimensional Euclidean space is a finite collection of planar convex polygons, called the
faces, such that every edge of every polygon is an edge of precisely one other polygon. The edge set of a polyhedron is
the set of intersections of adjacent faces, and the vertex set is the set of intersections of adjacent edges. A polyhedron P is
called semiregular if all of its faces are regular polygons and there exists a sequence σ = (p1, p2, . . . , pq), called the cyclic
sequence of P , such that every vertex of P is surrounded by a p1-gon, a p2-gon, . . ., a pq-gon, in this order within rotation
and reflexion. A semiregular polyhedron P is called a (p1, p2, . . . , pq)-polyhedron if it is determined by the cyclic sequence
(p1, p2, . . . , pq) = σ . The five polyhedra with equal regular faces that can be inscribed in a sphere are known as Platonic
solids. The 13 polyhedra that consist of equilateral and equiangular but not similar polygons are known as Archimedean
solids. The pseudo-Archimedean solid that has congruent solid angles but they are not all equivalent also satisfies the above
conditions and is known as the pseudo rhomb-cub-octahedron or (3, 4, 4, 4)-polyhedron type 2. The two infinite subfamilies
of semiregular polyhedra, namely the prisms, i.e., (4, 4, n)-polyhedra for every n ≥ 3, n ≠ 4, and the antiprisms, i.e.,
(3, 3, 3, n)-polyhedra for every n ≥ 4 (see [2,10]), form the family of prismatic polyhedra.
The graph G(P) of a polyhedron is the graph where the vertices of the graph are the vertices of the polyhedron and there
is an edge between two vertices in the graph whenever there is an edge connecting the vertices in the polyhedron. Every
graph of a polyhedron is uniquely embeddable into the plane. For simplicity, we identify the polyhedron and its graph.
Theorem 6. For the set of semiregular polyhedra, the following bounds on the facial Thue choice index hold.
1. If G is either a prismatic polyhedron or an s-polyhedron, where s is one of the sequences (3, 3, 3),
(4, 4, 4), (3, 3, 3, 3), (3, 4, 3, 4), (3, 3, 3, 3, 4), (3, 3, 3, 3, 5), (3, 4, 4, 4) (type 1 or 2) or (3, 4, 5, 4), then π ′fl(G) ≤ 5.
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Fig. 1. The two embeddings of the graph SW (8, 6) into the plane.
2. If G is an s-polyhedron, where s is one of the sequences (5, 5, 5), (5, 6, 6), (3, 5, 3, 5), (3, 6, 6),
(4, 6, 6), (4, 6, 8), (4, 6, 10) or (3, 8, 8), then π ′fl(G) ≤ 7.
3. If G is the (3, 10, 10)-polyhedron, then π ′fl(G) ≤ 9.
Proof.
1. All graphs mentioned here have the property that each vertex is incident with at most one face of size ≥ 5. Hence, all
these graphs belong to PG5. Therefore, by Theorem 5, their facial Thue choice index is bounded by 5.
2. All graphs of this set apart from the (3, 8, 8)-polyhedron have the property that each vertex is incident with at most one
face of size ≥ 7. Hence, all these graphs except the (3, 8, 8)-polyhedron belong to PG7. Therefore, by Theorem 5, their
facial Thue choice index is bounded by 7.
Let G be the graph of the (3, 8, 8)-polyhedron, the truncated cube, and let L be any list assignment for the edges of Gwith
minimum list length at least 7. There are four edges on the boundary of each octagonal face of G incident with another
octagonal face. Let A be the set of these edges, and let B = E(G) \ A. We colour the edges belonging to the set A in
such a way that edges belonging to the same octagonal face obtain different colours. The existence of such a colouring is
equivalent to the existence of a proper list edge colouring of the octahedron from lists of size 7. This is trivially possible,
because each edge of the octahedron is adjacent to at most six other edges; hence, a greedy colouring will suffice.
The edges belonging to the set B are lying on the boundary of an octagonal and a trigonal face. We claim that to obtain a
facial non-repetitive list edge colouring of the truncated cube it is sufficient to colour each edge e′ from the set B under
the following condition: do not colour the edge e′ with the same colour as any of the two other edges that are incident
with the same triangle as e′, or with any colour which is used for an edge of the set A being incident with the same
octagonal face as e′. A repetition cannot occur in the triangle as all three edges are coloured differently. All facial paths in
the octagon having length at least 2must contain an A-edge, whose colour is by the choice rule unique in the face. Hence,
no repetition can occur.
3. Finally, let us show that the facial Thue choice index of the truncated dodecahedron ((3, 10, 10)− polyhedron) is at most
9. The proof is analogous to the previous one. We define A-edges and B-edges as above and start with the colouring of
the A-edges such that no two A-edges lying on the same face are coloured with the same colour. This corresponds to a
proper list edge colouring of the icosahedron, which is possible to do for list lengths at least 9, because each edge of the
icosahedron is adjacent to at most eight other edges, and hence a greedy colouring will suffice. Again for the B-edges we
choose colours different from the five colours of the A-edges and the two colours of the neighbouring B-edges. Thus, list
size 9 is sufficient. There is no repetitive path on any face, by the same argument as above. 
3.4. Summary
Every facial non-repetitive edge k-colouring of a graph G can be considered as a facial non-repetitive list edge colouring
of G from identical lists of size k. Hence, for an arbitrary plane graph G it holds that π ′f (G) ≤ π ′fl(G). In Table 1, we compare
our results for the list version of the problem with previous results for the facial Thue chromatic index (see [3,9,10,12,13]).
Obviously, in most cases, there is no big difference between the upper bounds obtained for the facial Thue chromatic
index and the facial Thue choice index of the same family of plane graphs. Actually, we do not know a single plane graph G
where π ′f (G) ≠ π ′fl(G), and expect in general the following.
Conjecture 1. For an arbitrary plane graph G it holds that π ′f (G) = π ′fl(G).
Wewould like to remark here that the proofs for Theorems 2 and 5 do not rely on the fact that the graphs considered are
embedded into the plane. Hence, the same bounds hold for graphs that are embedded into any other surface without edge
crossings.
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Table 1
The facial Thue chromatic index versus the upper bounds for the facial Thue choice index.
Family of graphs Result Result
Path Pn of the length n ≥ 4 π ′f (Pn) = 3 π ′fl(Pn) ≤ 4
cycle Cn of the length n ≥ 3 π ′f (Cn) ≤ 4 π ′fl(Cn) ≤ 5
Star S π ′f (S) ≤ 3 π ′fl(S) ≤ 6
Graph G of semiregular polyhedra π ′f (G) ∈ {3, 4} π ′fl(G) ≤ 9a
Graph G of spider web network SW (m, n) 4 ≤ π ′f (G) ≤ 6 π ′fl(G) ≤ 7
Connected plane graph G π ′f (G) ≤ 8 π ′fl(G) ≤ 291
a For infinitely many graphs from this family, π ′fl(G) ≤ 5.
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